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Abstract 

Generalized Pauli-Fierz Hamiltonian with Kato-class potential -ftTpF in 
nonrelativistic quantum electrodynamics is defined and studied by a path 
measure. K-p-p is defined as the self-adjoint generator of a strongly continuous 
one-parameter symmetric semigroup and it is shown that its bound states 
spatially exponentially decay pointwise and the ground state is unique. 

1 Introduction 

In this paper we investigate generalized Pauli-Fierz Hamiltonians with Kato-class 
potentials in nonrelativistic quantum electrodynamics by a path measure. It includes 
not only Kato-class potentials but also general cutoff functions of quantized radia- 
tion fields. Basic ingredients in this paper are path measures and functional integral 
representation of semigroups. It has been shown that functional integral representa- 
tions are useful tools to investigate the spectrum of models in quantum field theory. 
See e.g., |BHLMS02l IGub06l IHirOO-al IffirOTl IHL081 ILMS02al INelM |Spo98[ |Spo04| . 



The strongly continuous one-parameter semigroup (e~ tHp )t>o generated by the 
Schrodinger operator, H p = ~(p — a) 2 + V, on L 2 (R d ) with some external potential 
V and vector potential a = (cq, ■ • ■ , ad) is expressed by a path measure, which is 
known as Feynman-Kac-Ito formula |Sim79j : 

U\e~ tHp 9) = j dxf(x)E x J e -^ l/{Bs)ds - i ^ a{iJs)odB ^(^)] , (1.1) 
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where E x denotes the expectation value with respect to the Wiener measure P x } 
(B t ) t > the d- dimensional Brownian motion and j*a{B s ) o dB s a Stratonovich inte- 
gral. 

Conversely since a Kato-class potential V satisfies that 



sup E x 



foV(B a )ds 



< oo, t>0, (1.2) 



the family of mappings St defined by 

S t g(x) = W [e _ J"o V{B s )ds-i^a{B s )odB Sg ^ Bt j\ ? f > Q> 

turns to be the strongly continuous one-parameter symmetric semigroup for a Kato- 
class potential 1/. The Schrodinger operator with a Kato-class potential V is then 
defined as the self-adjoint generator of (S t )t>o- See e.g., |BHL00t ISim82t IHIL09] . 
Three-dimensional Kato class includes a singular external potential such as V(x) = 
-\x\- a , < a < 2. 

We extend this to the Pauli-Fierz Hamiltonian. The Pauli-Fierz Hamiltonian 
H PF is a self-adjoint operator defined on the tensor product of Hilbert spaces: 

= L 2 (R d )®L 2 (Q), (1.4) 

where L 2 (Q) is an L 2 -space over a probability apace (Q,3§,u.) with a Gaussian 
measure /x, and it describes the Schrodinger representation of the standard Boson 
Fock space. The Pauli-Fierz Hamiltonian ifpp is given by 

H PF = ~(p <g> 1 + v^^) 2 + V <g) 1 + 1 ® fff(m), (1.5) 

where a > is a coupling constant, Hf(m) the free field Hamiltonian with a field 
mass m > and ^ = (^i, ^) a quantized radiation field with a cutoff function. 
See Section 2 for the detail of notations. Under some conditions on cutoff functions 
and V it is proven that (jl.5p is self-adjoint and e~ tHpF is then defined by the spectral 
resolution. In |Hir97j . (F,e~ tHpF G) is also presented by a path measure: 

(F,e- tH ™G) = J dx(F(x),(T t G)(x)) L2[Q) , (1.6) 
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where T t is of the form 



T t f(x) = E x e-ti v ( Bs)ds r o e iVE ^ BiKt) J t G(B t ) G L 2 (Q) 



(1.7) 



for each x G M. d . Compare with ( II. 3p and see (12.471) for the detail. 

Our construction of generalized Pauli-Fierz Hamiltonians is closed to the pro- 
cedure to define the Schrodinger operator with Kato-class potentials. We believe 
however that it is worthwhile extending it to the Pauli-Fierz Hamiltonian from math- 
ematical point of view. It will be shown that the family of operators T t : — > Jt?, 
t > 0, can be also defined for Kato class potentials V and general cutoff functions in 

and the generalized Pauli-Fierz Hamiltonian Kpp is defined as the self-adjoint 
generator of (T t ) t > . Of course under some conditions Kpp coincides with Hpp, but 
Kpp permits to include more singular V's and general cutoff functions in stf . 

Cutoff functions of £/^(x), fi = 1,2,3, of the standard Pauli-Fierz Hamiltonian 
in three-dimension are of the form 



with some function if and polarization vectors e(k,j) = (ei(k,j),e2(k,j),e^(k,j)), 
j = 1,2. In [GHPS09J the so called Nelson model on a pseudo Riemannian man- 
ifold is studied by a path measure. Generalized Pauli-Fierz Hamiltonians include 
a mathematical analogue of the Nelson model on a pseudo Riemannian manifold, 
which is unitarily transformed to the Pauli-Fierz Hamiltonian with a variable mass. 
Cutoff function of the Pauli-Fierz Hamiltonian with a variable mass v is (II. 8p with 
e ikx an( j j)(p{k) replaced by ty(k,x) and 4>Uk), respectively: 



Here is some function and ty(k,x), k ^ 0, is the unique solution of the 

Lippman-Schwinger equation |Ike60] : 




(1.8) 




(1.9) 




(1.10) 



The main results of the present paper are as follows: 
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(1) we define the generalized Pauli-Fierz Hamiltonian Kpp with Kato class poten- 

tials and generalized cutoff functions, i.e., we prove that (T t ) t > is a strongly 
continuous one-parameter symmetric semigroup; 

(2) Kpp is an extension of Hpp; 

(3) bound states of Kpp spatially exponentially decay pointwise and the ground is 

unique if it exists. 

We explain an outline of (l)-(3) above. 

First we define the strongly continuous one-parameter symmetric semigroup 
{Tt)t>o with Kato-class potentials and general cutoff functions by functional integral 
representations. Then Kpp is defined by T t = e~ tKpF for t > 0. We introduce two 
assumptions, Assumptions 12.11 and 12.121 on cutoff functions of si ' . The former is 
stronger than the later. One advantage to define the generalized Pauli-Fierz Hamil- 
tonian by a path measure is that we need only a weak condition on cutoff functions 
(Assumption 12. 12[) and external potentials. Then for arbitrary a G M, Kato-class 
potential V and cutoff function fp^(x,k) satisfying fp^x.k) G C^(R^; L 2 (Rf)), we 
can define Kpp self-adjoint operator. 

Secondly we can show that 

-{p ® 1 + vW) 2 + y + <g>l-V_<g>l + l<g> H { (m) (1.11) 

is well defined for V± such that < V + G Ll oc (R d ) and < V- is relatively form 
bounded with respect to p 2 /2 with a relative bound strictly smaller than one. It is 
shown that Kpp = (11. lip under Assumption 12.11 on cutoff functions. 

Finally it is shown that bound states of Kpp spatially exponentially decays 
pointwise. To show the spatial exponential decay of bound states is very impor- 
tant to study the properties of spectrum of Pauli-Fierz type models. In |BFS991 
IGLLOlt IGriOlj the spatial exponential decay of bound states is shown but our 
method is completely different from them. Since ipb{x) = e tE e~ tKpF ipb for ^ such 
that Kpp<p h = Etp h , exponential decay of <Pb(x) is proven by means of showing 



sup;,, ||(yj b (x)|| i 2(Q) < oo and estimating e tE W 



r o v{B s )ds 



We conclude that 



I <Pb{x) || L 2(Q) 



< De~ c ^ (1.12) 
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almost everywhere x G M d , and constants D and C are independent of the field mass 
m. Here the exponent ft, ft > 1, is determined by the behavior of external potential 
V. When liminf V(x) < E, we can take (3 = 1, and when V^x) = |x| 2n , 
ft = n + 1 is obtained. See Theorem ?? for the detail. Furthermore from a standard 
argument |HirOO-a] it follows that the transformed operator e^ 71 T Tte~ 1 ^ r / 2 ' N is a 
positivity improving semigroup, where iV denotes the number operator in L 2 (Q). 
Then we conclude that the ground state of Kpp is unique if it exists. 

This paper is organized as follows: Section 2 is devoted to constructing a strongly 
continuous symmetric semigroup (T t )t>o and defining the self-adjoint operator Kpp. 
In Section 3 we show the spatial exponential decay of bound states of Kpp pointwise. 
Section 4 is an appendix. 

2 Generalized Pauli-Fierz Hamiltonian 

2.1 Definitions 

Let us begin with defining a generalized Pauli-Fierz Hamiltonian by a path measure. 
We use the notation Kp for the expectation with respect to a probability measure 
P, i.e., J ■ ■ ■ dP = Ep[- • ■]. Let ^ rca i = ^ rca i{M. d ) be the set of real- valued Schwartz 
test functions on M. d . We set Q = Q^zX^re&i- There exist a cx-field 3§, a probability 
measure \x on a measurable space (Q,£$) and a Gaussian random variable 
indexed by $ = ($i, <$> d _x) G ©y=^ 2 eal (E d ) such that 

E^K($)]=0 (2.1) 

and the covariance is given by 

E M K($K(v[/)] = - ^.) L2(Md) . (2.2) 

i=i 

Throughout the scalar product on Hilbert space Jzf is denoted by (F, G)y, where it 
is antilinear in F and linear in G. We omit ££ when no confusion arises. For general 
$ G © a! - 1 L 2 (M d ), ^($) is defined by 



(2.3) 
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Thus is linear in <3> over C. The Boson Fock space is defined by L 2 (Q, dp) = 

L 2 (Q). It is know that the linear hull of 

{: ^(00 • • ■ s/((j> n ) : e ® d - 1 L 2 (R d ), j = 1, , , n, n > 0} (2.4) 

is dense in L 2 (Q), where : X : denotes the wick product of X. See Section H] for 
the definition of Wick product. Let us define the free field Hamiltonian Hf(m) on 
L 2 (Q). Define the map Y(T) : L 2 (Q) -> L 2 (Q) by T(T)1 = 1 and 

r(T) : • • • ^(0.) :=: ^(T0i) • • • */(T<j> n ) : (2.5) 

for a contraction operator T on © d_1 L 2 (M d ). Then T(T) is also contraction on (12. 4ft 
and can be uniquely extended to the contraction operator on the hole space L 2 (Q), 
which is denoted by the same symbol T(T). We can check that r(T)r(S f ) = T(TS). 
Then {r(e~ lth )} t £R for a self-adjoint operator h defines the strongly continuous one- 
parameter unitary group on L 2 {Q). The self-adjoint generator of {T(e~ lth )}t£R is 
denoted by dT(h), i.e., 

r(e~ ith ) = e - itdm , tel. (2.6) 

Let 

h = (B^ui-id), (2.7) 

where 

u{k) = >y\k\ 2 + m 2 , m > 0, k eR d . (2.8) 

Then we set 

H f (m) = dT(h) (2.9) 

and it is called the free field Hamiltonian on L 2 (Q). Let p = —id = (—id Xl , —id Xd ) 
be momentum operators in L 2 (IR^). We define the Schrodinger operator H p by 

H p = ^p 2 + V, (2.10) 

where V denotes a real-valued external potential. The conditions on V will be 
required later. The zero coupling Hamiltonian is now given by the self-adjoint 
operator 

H p ® 1 + 1 ® Hf(m) (2.11) 
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on the Hilbert space 

J? = L 2 (Ri)®L 2 (Q). (2.12) 

The Pauli-Fierz Hamiltonian Hpp is defined by replacing p <g> 1 in zero coupling 
Hamiltonian (I2.1ip with p <g> 1 + \fa.si ', where a > is a coupling constant and 

=# M (x)dx (2.13) 

is the so-called quantized radiation field. Here we used the identification Jif = 
J® d L 2 {Q)dx. We shall define ^(x) below. Let 



fa;x) = {fa^{;x)/yfc), j = 1, // = l,...,d, (2.14) 

where 0^ is a cutoff function and X (resp. X) denotes the (resp. inverse) Fourier 
transform of X. Note that fP(k,x) = <j>> (k)ty(k, x)j yju)(k). Examples of cutoff 
functions are given letter. The quantized radiation field is defined by 

s/^x) = j* (®fz{pl(x)) , (jL=l,.--,d, (2.15) 

for each x G M. d . Now we arrive at the definition of the Pauli-Fierz Hamiltonian. It 
is defined by 

H PF = g(P ® 1 + vW) 2 + ^ ® 1 + 1 ® flf(m). (2.16) 
We omit ® for notational convenience in what follows. Then Hpp is expressed as 

#pf = ^{p + V^^f + V + H { (m). (2.17) 

Assumption 2.1 Suppose that ^ e C£(R£;I/ J (Rjj)) and 



"fa fa 9^/^er(Rf;I 2 (lf)). (2.18) 

Under Assumption 12.11 it follows that 

\\(p ■ s/ + j* • p)F\\ < ci||(p 2 + if f (m) + l)F||, (2.19) 
• < c 2 \\{H { (m) + 1)F||. (2.20) 

Moreover Hpp is self-adjoint on D(p 2 ) n D(Hf(m)) under Assumption 12.11 See 
|Hir00-bt IHirOlt IHH08] for the proof. We give examples of cutoff functions p? . 



s 
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Example 2.2 (Standard Pauli-Fierz Hamiltonian) The standard Pauli-Fierz 
Hamiltonian is defined by Hpp with the dimension d — 3, m — 0, and 

where e(k,j) = (ei(k, j), e 2 (/c, j), e 3 (k, j)), j = 1,2, denote polarization vectors, and 
tp is an ultraviolet cutoff function. Suppose that yfuj(p^(pjyfuj^(pjuj € L 2 (M. d ). Then 
pj(Jfe,z) G C^(M^L 2 (M^)) and fl218|) is fulfilled. 

Example 2.3 (The Pauli-Fierz Hamiltonian with a variable mass) The 

Pauli-Fierz Hamiltonian with a variable mass v instead of m is studied in [HidlOj . 
Then d = 3, m = 0, and ^(k,x) is the unique solution to the Lippman-Schwinger 
equation [Ike60j : 

1 /V^"^), 



*(fc,x) = e +lfex / — : ^^(k,y)dy. (2.21) 

Air J \x-y\ 

ty(k,x) formally satisfies 

(-A x + v(x))V{k 7 x) = \k\ 2 ^(k, x), k^O. 

It is established that the Pauli-Fierz Hamiltonian with a variable mass has a ground 
state for arbitrary values of coupling constants when \v(x)\ < C(l + |x| 2 ) _/3 ^ 2 , /3 > 3, 
with some constant C. Then it is also seen that 



(fc, x) - e fe | < C(l + |x| 2 )" 1/2 . (2.22) 



Since 



I [ ( I ... A (x^-^e^l^d/). 



47r Jks \ z - y / x - y 



(2.23) 



it follows that 



sup |0 XM *(fc,a;)| <oo (2.24) 

for any compact set D but D ^ 0. Let supp<% C D. Then e C^(M^; L 2 (Mf)) 
follows from (12.22ft and ( 12.24ft . In addition to condition supp</>^ C D let us suppose 
that y/oj^^/u e L 2 (Rf), then (l2~T8l) is fulfilled. 
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2.2 Feynman-Kac type formulae 

Let us prepare the Euclidean version of the quantized radiation field srf (<&) to con- 
struct a functional integral representation of e~ tHpF in the same way as |Hir97] . Let 
Qe = ® d ~ 1 S fi Ioal (R d+1 ). There exist a probability measure /i^ona measurable space 
(Qe,3$e) and a Gaussian random variable £/e{<&) indexed by $ 6 @ d ~ 1 L 2 ' 
such that 

= 

and the covariance is given by 

Both L 2 (Q) and L 2 (Qe) are connected through the second quantization of the family 
of isometry {j t }tm between L 2 (R d ) and L 2 (R d+1 ): 

Ufih, k) = ^^uj{k)/{u{k) 2 + \k Q \ 2 )f(k). (2.25) 

'7T 



Define J t = r(© d " 1 j t ) : L 2 (Q) -> L 2 (Q S ). From the identity = e -\t—M-iS) it 
follows that J*J S = e -l*-«l#f("0. 

Set = C([0, oo); M d ) be the set of continuous paths on [0, oo). Let (B t )t>o de- 
note the d- dimensional Brownian motion starting at x G R d on (JT, =^(JT), P z ) 
with the Wiener measure P x . I.e., P X (B = x) = 1. Let C£(M^ L 2 (M^)) be 
the set of strongly n-times differentiable L 2 (M d )-valued functions on R d such that 
suP x \\d*f(x)\\ L 2 m < oo for |z| < n. For e Cl(R d ; L 2 (Rf)), fj, = l,...,d, we can 
define an L 2 (R d )-valued Stratonovich integral: 

V / fp{B a )odBS= / f(B s )-dB s + - / d-f(B s )ds, (2.26) 
x </ Jo 2 Jo 



where /(£?,) • d£? s = £j=i U{B s )dB^ and 9 ■ /(P s ) = Et=i(9 x M(B s ). We also 
define an L 2 (R d+1 )-valued Stratonovich integral by 



/ J Jm(^) ° ^ = E lim / 3t(j-i)/MB 8 ) o d££, (2.27) 
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where lim^oo is a strong limit in L 2 (JT; L 2 (M. d+1 )). By the Ito isometry we have 
the identity for S < T 

s 



f j s f(B s ) ■ dB s , [ j s g(B s ) ■ dB 
Jo Jo 

= J2 [ S ^[(UB s ), 9ll (B s ))]ds 



Hence we have the bound 







d „ 


2 




E x 




/ JsMB s )odB» 




< [ dsE x 










Jo 



(2.28) 



The next proposition is fundamental. 
Proposition 2.4 Let V be bounded. Suppose Assumption \2.1[ Then 



j dxE x e -^ v (B a )ds (j i?(£ ) >e V^*i)j t Gr(fl t ) 



(F, e~ tHpF G) = 

K t is the (B d ~ 1 L 2 (R d+1 ) -valued stochastic integral given by 



L 2 (Q) 



(2.29) 



Here 



K* = ©£i]C / hti(;B s )odB». 

a=l J ° 



I 3.fi(;B 8 )odB?= I j s p\-,B s )-dB s + - / j s d ■ p>{; B s )ds. 



(2.30) 



Proof: Suppose that p£ G C^(R°; L 2 (Rf)). Then (F2T291 is proven in the same way 
as [HirOO-bl Lemma 4.8]. Next we suppose that ^(k,x) G C^(R^ L 2 (Rf)). Let 

r i, |x| < i, 

X G C 00 ^) and tp G C^{R d ) be such that x(x) = < < 1, 1 < |z| < 2, y> > 

I 0, 2 < 

and / tp(x)dx = 1. Define Xat(^) = x( x /N) and y2 n (x) = tp(x/n)n~ d / 2 . Let 

p j ll (k,x) M = p^(k,x)xM(x). 
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We note that pj,(k,x) M , n e {R d x , L 2 (R d )) . Since ^{k,x) M>n -> ^{k,x) M in 
L p (M. d , L 2 (M.f.)) for l<p<ooasn-> oo, there exists a subsequence n' such 
that ftJk, x)M, n ' fy(k,x)M strongly in L 2 (M.f) for almost everywhere x G M. d . 
Furthermore pi(k, x)m — > Pftik, x) for each x G M. d in L 2 (M.f). Then 

lim lim p> {k,x) M ,n = pi(k,x) (2.31) 

M— ^oo n'— >oo ^ ^ 

strongly in L 2 (M^) for almost everywhere x G M d . In the same way as above we can 
also see that 

lim lim d*J li (k,x) M , n = d*pj i (k,x) (2.32) 

strongly in L 2 (IR^) for almost everywhere x G M. d for |z| < 1. Thus (I2.29j) holds 
with p> replaced by p* (k,x)M,n'- Hpf with replaced by pi(k, x)m,u' is denoted 
by Hpp(M,n'). Let F G 8) D(Hf(m)). Then we can prove directly that 

lim lim H PF (M,n')F = H PF F. 

M— >oo n'— >oo 

Since <g> D(H { (m)) is a core of fl PF (M ) n / ) and H PF , 

lim lim e -* HpF ( M - n ') = e~ tHpF (2.33) 

M— >oo n'— >oo 

strongly. Moreover 

(F,e- tH ^ M ^G) = J dxW [(j F(x),e^^(^( M '™')) e -/ ^(^)j t G( J B t ))] , 

(2.34) 

where K t (M,n') is defined by K t with p> (k,x) replaced by p^(/c, x)m,u'- Operator 
N = dT(l) is called the number operator in L 2 (Q). Let F G D(N). Then the bound 

K($)F|| < 2||$||||(iV + l) 1 / 2 F|| 

is known. From (12.341) and 
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it follows that 



| (F, e -tffpF(^,nOG) - (F, e~ tHpF G) \ 

<v^ / dxE* \(\J F(x)\,\^ E (K t (M,n') - K t )\e-ti v ^\J t G(B t 



<CV^ j dxWiN+lY^FWWE* [\\K t {M,n')-K t \\\\G{B t ) 
<C^j dx\\{N + l) 1,2 F{x)\\ (E x [\\K t (M,n') - K t \\ 2 ]f' 2 (E x [\\G(B t )f]) 1/2 



We estimate E x [\\K t (M,ri) - K t \\ 2 ]. By (£2BD we have 



E x [\\K t (M,n')-K t \\ 2 ] < V f*E 

3 = 1 J ° 



ds. 



where Sf = f — fM,n'- By (I2.3ip and ( I2.32p we see that 



lim lim E x \\\K t (M, n ) - K t \\ 2 } = 

M— >oo n'— >oo 



for each x G M. d . Then by the Lebesgue dominated convergence theorem we have 



^ F{x),e i ^ E{Kt) e-^ v{Bs) hG{B t 



lim lim r.h.s. fETMD = / dxE 1 

M— >oo n'— >oo 



(2.35) 

Then fl2T29j) also holds for p> e C£(M£; L 2 (Rf)). Thus the proposition follows. QED 



2.3 One-parameter symmetric semigroup and generalized 
Pauli-Fierz Hamiltonian 



We can extend functional integral representations in Proposition 12. 41 to more general 
external potentials and fP . 



Definition 2.5 (Kato class potentials) External 'potential V : 
a Kato- class potential if and only if 



— > K is called 



sup / \X(x — y)V(y)\ dy < oo d—1, 

xGR d J B r (x) 

lim sup / \\(x-y)V(y)\dy = d>2 



(2.36) 
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holds, where B r (x) denotes the closed ball of radius r centered at x, and 

1, d = l, 

X(x) = { - log |x|, d = 2, (2.37) 
\ 2 ~ d , d>3. 



x 



We denote the set of Kato-class potential by Jffkato- 

An equivalent characterization of Kato-class is as follows: 

Proposition 2.6 A function V is in Jtfkato if an d only if 



lim sup E 2 

40 



\V(B 8 )\ds 



o 



0. (2.38) 



Proof: See e.g- jA'SM ICFKS871 ISim82j . QED 

Definition 2.7 Let be the set of external potential V = V + — V_ such that 
< V+ G Ll c (R d ) and < V- G JT fcato . 

Example 2.8 In IXSM. \Sim8Bj . it is shown that LP(R d ) C X kato where 
Ll(R d ) = {/ 

with 



sup / \f(x)\ p dx < oo 

x J\x-y\<\ 



In particular let V G L p (IR d ) + L°°(M d ) / TOPI) , i/*en V G J^ ato . 
Example 2.9 Lei d = 3 and V(a;) = P(x) — - — rr, where a>0 ; 0<6<2 and 



\x 



P{%) — X^=o a i a>? ^ s a polynomial such that a 2n > 0. Then V G Jif . 



Now we shall see that the random variable J Q V±(B s )ds is integrable with respect to 
the Wiener measure P x for V G Jf. 

Lemma 2.10 Let < V G Lj )C (R d ). T/ien f/ V(.B a )ds < oo) = 1 /or eac/j 
x G K d . 
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Proof: Since V G L loc (R ), we can see that E x [/ C ] l N V(B s )ds] < oo for the indicator 

{1 \k\ < N 
' J - ' Then there exists a measurable set jVk C S£ such 
0, \k\ > N, 

that P X (JV N ) = and jj l JV (-B s )T/( J B s )ds < oo for w G \^. Set =yf = \Jfi =1 Jfa. 
For cj G 3£ \ JV we can see that f Q lAr(i? s (a;))V r (i? s (a;))(is < oo for arbitary N > 1. 
Let w G \ There exists JV = N(cu) > 1 such that sup < s < 4 \B s (u)\ < N. 
Henceforce 

t rt 

V(B s (u))ds = l N (B s (u))V(B s (oj))ds < oo, uef \/. 
o </o 



Thus the lemma follows. 



QED 



When V_ G J^ a to ; h can be seen that the exponent ef° v ( B °) ds j s integrable with 



respect to P x , and the supremum of E x 



J*V(B a )d S 



in x is finite. We shall check it. 



Lemma 2.11 Let V G J^Kato- Then there exists (3 > and 7 > such that 



sup E x 



Furthermore when V G L p (M. d ) with p 



J* 



< 7e 
d= 1 



> d/2, d>2 
P<C\\V\\ P . 

Proof: By Proposition 12.61 there exists t* > such that 



(2.40) 

there exists C such that 
(2.41) 



ct t = sup 



V(B S 



< 1 



for all t < t*, and at — > as t — > 0. It is known as Khasminskii's lemma that 



sup E* 



< 



(2.42) 



1 - a t 

for all t < t*. By means of the Markov property of the Brownian motion we have 

1 



E x 



E 2 



Jo V(B s ) E B t * 



Jo V{B S ) 



< 



1 - a t * 



Repeating this procedure we can see that 



sup E x 



JoV-(B a ) 



< 



1 - a t * 



[t/t*]+i 



(2.43) 
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for all t > 0, where [z] = max{w G Z|w < z}. Set 7 = ^ _^ - j and (3 

/ \ l/t* 

log ( 1=^7 ) • Then (E30D is proven. Next we prove fl2ldj) . Suppose V e L P (R 
In the case of d = 1 we directly see that 



/ E x [V(B s )]ds< [ (27rs)- 1/2 ds||y||i. (2.44) 
Jo Jo 



p 1 

|AS82| proof of Theorem 4.5]. Let an arbitrary e > be fixed. We have 



Next we let d > 2 and q be such that - + - = 1. The following estimates are due to 

— -2 p g ° 



E*[\V(B s )\]ds 



W [\V(B s )\x\B s -x\>e] ds + / E x [\V(B s )\x\B s - x \<e]ds 

Jo 

P POO 

< t \ (2nt)- d / 2 e-^/^\V(x + y)\dy + e t / E x [e- s \V(B s )\ X \B s - x \<e\ . 

J\y\>e JO 

It is easy to see that 

tj {2Tity d / 2 e-\ y \ 2/{2t) \V{x + y)\dy < t(2n)- d / 2 (^J e'^^dy^j * \\V\\ P . (2.45) 
Let / be the integral kernel of (\p 2 + l) -1 . Then we see that 

/ dsE x [e- s \V(B s )\ X \B 8 - x \<t] < / f{x-y)\V(y)\dy. 

Jo J\x-y\<e 

Since \f(z)\ < C\{z) for \z\ < \ with some constant C, we have 

/ dsE* [e~ s \V{B s )\ X \B s - x \<e] <C X(x- y)\V(y)\dy 

Jo J\x-y\<e 

and then 

poo / p \ 1/9 

/ dsE x [e- a \V(B 8 )\x\ B .-*\< e ]<C / A(*) ff dj/ ||V|| P (2.46) 

JO V|«|<e / 

by the Holder inequality. Hence from (12.441) . ( 12.451) and (12.461) . thee exists Ct(e) such 
that a t < C t (e)\\V\\ p and lim^o C t (e) = C lf^ <e \(z) q dy) . Then for sufficiently 

small T and e we have /3 < [ i_ CT (e)\\v\\ ) anc ^ then there exists D T such that 
/3 < D T ||^||p. Then (EHJ follows. QED 
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The functional integral representation (12.291) introduced in Proposition 12.41 is 
well defined not only for bounded external potentials and satisfying (" 12 . 1 8[) but 
also more general external potentials and p^. We can identify Hilbert space Jif with 
L 2 (R d x Q) with the scalar product (F,G) = J dx(F(x),G(x)) L 2(Qy The functional 
integral representation of (F,e~ tHFF G) is also given by 



L 2 (Q) 



(F, e~ tHpF G) = J dx (F{x),E x ^e-^ v (Bs)dsj* e i^E(K t )j tG ^ Bt 
From this expression we shall define (T t )t>o by (I2.47P below. 

Assumption 2.12 We suppose that V G and p£ = p^(k,x) G C£(K*; L 2 (R d k )). 

Note that under Assumption 12.121 £/^(x) is not relatively bounded with respect to 
Hf(m) in the case of m = 0. Under Assumption 12. 121 however we define the family 
of linear operators {Tf}f>o on Jif by 

e .J*V(B.)d.j* e WZ* B iK t )j tF ( Bt 



T t F(x) 



E x 



(2.47) 



for all t > 0. Note that K t is well defined since p> E 



))• 



Lemma 2.13 Suppose Assumption \2. Then T t is bounded on Jif for t > 0. 
Proof: By the definition of T t we have 



\T,F 



t 1 ll, ^ 



< 



dxW 



-2p V{B s )ds 



\\F(B t )\\l HQ) 



e -2f*V(B a )da 



< oo. Thus \\T t F\\% < C\\F\\% follows 



Since V G Jf, C = sup x W 
QED 

In what follows we shall show that {T t } t > is a strongly continuous one-parameter 
symmetric semigroup on Jif. In order to show it we introduce the second quan- 
tization of Euclidean group {u t ,r} on L 2 (R d+1 ), where the time shift operator 
Ut : L 2 (R d+1 ) -»■ L 2 (R d+1 ) is defined by 



utf(x ,x) = f(x - t,x) 
and the time reflection r : L 2 (R d+1 ) -»■ L 2 (M d+1 ) by 

rf(x ,x) = f(-x ,x) 
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for x = (xo,x) e Rx M. d . The second quantization of Ut and r are denoted by 
U t : L 2 (Q E ) -> L 2 (Q E ) and R : L 2 (Q E ) — »■ L 2 (Q E ), respectively. Note that r* = r, 
rr = r*r = 1, u* t — w_ f and u\u t = 1 and that U t and i? are unitary. The time shift 
Ut, the time reflection r and isometry jt : L 2 (IR d ) — >■ L 2 (R a!+1 ) satisfy the lemma 
below. 

Lemma 2.14 (1) u t ] s = j s+t and U t J s = J s+t . (2) rj s = j_ s r and RU S = U_ S R. 
Proof: By the definition of j s we have 



isf(x) = ■=, w ^ lWo / e Hfco^o-^+fc-x) V w =f(k)dk dk. 

Then = j s+i follows, and Ly s = r(w t )r(j s ) = r(it t j s ) = V(j a+t ) = J s+t . (2) is 
similarly proven. QED 

Lemma 2.15 Suppose Assumption \2. JM Then it follows that T t T s = T t+S for all 

t,8>0. 

Proof: By the definition of T t we have 

T s T t F(x)=E X \ e -fo V (Br)drj* e i^ E (K s )j sE B s L-f*V(B r )drj* e i^B(K t )j tF ^ 

(2.48) 

Let E s = J S J*, s G M, be the family of projections. By the formulae J s Jq = 
J S J*£/* S = E S U^ S and J t = U_ s J t+s , ( I2.48P is expressed as 

T s T t F(x) 

= E X nBr)dr^ e i^ E {K 3 ) E ^B s \ e -tiV{B r )drjj*_^i^ E {K t ) u _ s:it+sF ^ B ^ 

Since U s is unitary we have 

jj* e i^as/ E {K t )jj^^ _ e iVaef E {u*_ s K t ) (2.49) 

as an operator, where the exponent is given by 

U *_ s K t = ©tj E f^AW ° dB r- 
„=1 ^ 



18 



Generalized PF model 



Let (J r t)t>o be the natural filtration of the Brownian motion (B t )t>o- By the Markov 
property of the projections E t 's |Sim74j . we can neglect E s in (I2.49P and we have 



T s T t F(x) 



E x 



e -JoV(B r )drj* e i^ E (K 3 ) E x - //+* V{B r )dr i^ E {K s s +t ) j p(g 
t-)-s \ 



s+t, 



where E x [- • • |J-" S ] denotes the conditional expectation with respect to (Ftjt^o and 



K s s +t = @% 



f S+t ir^m O dBt 



Hence we obtain that 



T s T t F(x) = E x \e-^ +tv{ - B ^ dr r Q e i ^ E{ - Ks + t) ^ s+t F{B, 



s+t) 



T s+t F(x) 



QED 



and the lemma is proven. 

Next we check the symmetric property of T t . 

Lemma 2.16 Suppose Assumption \2. 1^ Then it follows that T t * = T t for t > 0. 

Proof: By the functional integral representation and the unitarity of the time- 
reflection R on L 2 (Qe), we have 



(F, T t G) 



dxE x 
dxE x 



e -/ V(B a )ds {rJ qF ( Bo ^ Re i^E(K t ) RR J tG ( Bt 

e -f*v(B s )ds (^ F ^B ),e i ^^ rKt h^ t G(B t ) 



where the exponent is rK t 
shift U t we also have 



^=1 Ej=i loi-s^iBs) o dfl£. By means of the time- 



dxE x 



e -/ i/(B s )ds ^ f/< j 0j p( 5o ) ) U t e w *" B{ ? Kt) UtU t l- t G{B i 
e-fi v{Bs)ds (j t F(B ), e^^^JoGiBt) 



where M( rK t = ©JlJ £j =1 ic \h-s^{B s ) odB». Finally we set B s = B t 
equals to B s in law. Then we have 



(F,T t G) = / dxE° \ e ~ S^vix+B^ds fj tF ( x ^ e *^ E (^< t )j oG ( x + B ' 



B t , which 



(2.50) 
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where 

d ~t n 

u t rK t = ©^1 J" / jt-sP^x + B s ) o dB» = lim V A,-(i) 

tM=l JtJ i=l 

and lim^oo is in the strong sense of L 2 (i2T; L 2 (M d+1 )) and 

d rti/n 
H{i-l)/n 



d rti/n 

A i(^) = Yl / h-t{i-l)/n^{x + B a ) O d^. 

j Jt(i-l)/n 



Then exchanging J and E° in ( I2.50P we have 
(F,T t G) 



lim E u 

n—toc 



_/ fc ^M., (jlfM ,,«, Sa ,« JlC|l . 4)) 

and changing variable x — B t to x in J <ix we have 
(F, T t G) 



lim E u 

n— >oo 



y dxe-^+B s )ds (j tF ( x + B t ),e l ^ E ^U^^)j G(x] 



where 

vti/n 



" pti/n 

A iW = ~J2 )t-t{i-l)/n^{x + £.) o 

M =l Jt(i-l)/n 

and 

lim £ £,(0 = ~J2 f ft* + B -) ° 

i=l ^l"' 

We thus can finally see that 

(F, T t G) = J dxE x [ e -ti v{Bs)ds (j t F(B t ),e- l ^ E(Kt) J G(B )^ = (T t F, G). 
Then the lemma follows. QED 

Lemma 2.17 Suppose Assumption \2.MA Then T t is strongly continuous in t > 
on M' . 
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Proof: Since \\T t \\ is uniformly bounded and the semigroup property T t T s = T t + S is 
hold, it is enough to show the weak continuity at t — 0. By the Lebesgue dominated 
convergence theorem it suffices to show that 

E x [(3 F(B ),e^^3 t G(B t )] E X [(3 F(B ), J G(B )} 

as t — > for each x G M d . Let 

E a; [(J F( J B ),e l ^(^)j t G'( J B i )]-E :l '[(JoF( J Bo),JoG'( J Bo)] 

= E x [(J F(B ),e^^*«>J t G(£t)] -E^[(J F( J B ),e i ^(^)j tG ( jBo) ] 

+E*[(J F(5 ),e i v w ^j^^ 

+E^(J F(5o),e i ^(^)j oG(jBo) ]_ E -[ ( j oF ( jBo)) j oG ( jBo )]. 

The first and second terms of the right-hand side above converge to zero as t — > 0, 
since B t and J t are continuous in t. We will check that the third line also goes to 
zero. We have 

E x [{J F{B ),e i ^^J G{B )]-E x [{J F{B ),J G{B )] 
< (E*[||vW^J F(I?o)ir]) 1/2 (E^[||G(5 f )|| 2 ]) 1/2 



We have a bound 



E* [\\^ E (K t )3 F(B )\\ 2 ] < \\VN+iF(x)\\ 2 E 
where K t (x) = @*z{ Joh^x + B a ) o We have 



^( X )llL 2 (IR d + 1 ) 



d-1 



E° 



l^)||| 2 



2j2H( B s)\\ 2 +?\\d-p>(B s )\\ 2 



(2.51) 



Then lim^ E x [||^(iir t ) J F(5 ) || 2 ] = follows and the proof is complete. QED 



Theorem 2.18 Suppose Assumption \2. 7|| Lei V G Jff . Then {T t }t>o is o, strongly 
continuous one-parameter symmetric semigroup. In particular there exists a self- 
adjoint operator Kpp bounded below such that 



-tK PF 



T u t > 0, 



(2.52) 
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and 



e- tKpF F(x) = E x \e-fi v ( B ' )d 'JZe iy/ ™' EiKt) JtF(Bt) 



Proof: This follows from Lemmas I2.15|2.16l and 12.171 



(2.53) 
QED 



Definition 2.19 (Generalized Pauli-Fierz Hamiltonians) Suppose Assump- 
tion \2.12\ We define a generalized Pauli-Fierz Harailtonian with an external poten- 
tial V G by a self-adjoint operator Kpp in (TJ£] 



Corollary 2.20 Suppose Assumption \2.12\ Let us identify ffl 1 with L 2 (¥L d x Q). 
Then under this identification e l ( 7T / 2 ) N e - tK PF e -^/2)N ^ ^ > o, positivity improving. 
In particular the ground state of Kpp is unique if it exists. 

Proof: By (12.531) we can see that 

( F, e i{7r/2)N e~ tKpF e~ i(7r/2)N G) 



dxE* 



Since in |HirOO-a] it is shown that e l ( 7T / 2 ) N e l Va^E(K t ) e i(n/2)N - ls p OS jtivity improving, 
( F) e i(n/2)N e -tK PFe -i(n/2)N G ^ > o for all < F, G G but and G ^ 0. Then 
the corollary follows. QED 

Let L p (R d ;L 2 (Q)) = {/ : R d -> L 2 (Q) J \\f(x)\\ p L2{Q) dx < oo } and set the LP 
norm as ||F|| p = (J \\F(x)\\ p L2 ,Q^dx) l l p . 

Corollary 2.21 Suppose Assumption \2.12\ e~ tKpF can be extended to a bounded 
operator from L p (R d ; L 2 (Q)) to itself for 1 < p < oo. 

1. Then we have 

v 



Proof: Let p ^ oo, p ^ 1 and - + - 



- tKpFF (xW L i iQ) < 1® X 



e-K v ^ ds \\F{B t 



-qf*V(B 3 )ds 



p/q . 



< \E X 
Thus we have 

J \\e~ tKpF F{x)\\ p L2{Q) dx<C j \\F(x)\\l 2(Q) dx 
In the case of p = oo and p = l, the proof is similar. 



\\F(BtW LHQ) 



QED 
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2.4 Quadratic form and Kpf 

By the functional integral representation we have the so-called diamagnetic inequal- 
ity 

\(F,e~ tHpp G)\ < (\F\,e- t{Hp+Hf{m)) \G\) (2.54) 

By means of the diamagnetic inequality we can see that when |^| 1//2 is relatively 
bounded with respect to (p 2 /2) 1 / 2 with a relative bound a > 0, it is also relatively 
bounded with respect to + y/asrf) 2 + iff(m)) 1 ^ 2 with a relative bound < a. See 
|Hir97j . Let V = V + - VL be such that V+ G Lj oc (R <i ) and V_ infinitesimally small 
with respect to p 2 /2 in the sense of form. Then under Assumption 12. II we can define 
the self-adjoint operator 

#pf = \{p + M 2 + %) + y + -y„ (2.55) 

by the quadratic form sum ±. 

Theorem 2.22 Let V G and suppose Assumption \2.1[ Then Kpp = Hpp, where 
H PF is defined by h2.55\) . 

Proof: The functional integral representation of e~ tHpF for f !2.55|) can be given by 
the procedure below |Sim79l lHir97j . Let 

{n, V(x) > n. 
V(x), m < V(x) < n, 
m, V(x) < m. 

Thus V n>m G L°°(R d ) and then the functional integral representation of e~ tHpF 
with external potential V n ,mi which is denoted by e - tH pp( n > m ) ^ is given by Propo- 
sition 12.61 By the monotone convergence theorem for forms, we can see that 
lim^oo lim^oo e - tH ^{n,m) _ e -tH PF ^ w h ere # pp i s defined by (12351) . On the other 
hand the functional integral representation of / = (F, e~ tHpF(jl ' m ^ ] G) = 9ft I + i^sl is 
divided into the positive part and the negative part as 
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and each term converges as n, m — > oo by the monotone convergence theorem for 
integral. Then the functional integral representation is given by 

(F, e~ tHpF G) 

= lim [ dxE [fj F(5 ),e-^ y -+(^) ds e + ^ y ->-(^)^e i ^ ( ^ t) J t G( J B t ) N ) . 

n,m— >oo / L V / . 

= J dxE (j F(5 ),e-^ v/(Sfl)ds e^^)j t G'(^)) . (2.56) 

Since V E Jf, we see that V + E L 1 1 oc (IR d ) and V_ is infinitesimally small with respect 
to p 2 /2 in the sense of form [CFKS871 Theorem 1.12]. Moreover {F,e~ tKpF G) equals 
to the right-hand side of fl2~22|) . Then we conclude that e~ tHpF = e~ tKpF . Thus the 
theorem follows. QED 



3 Pointwise spatial exponential decays 

In this section we show the spatial exponential decay of bound states of Kpp. Let 
(p^ be a bound state of Kpp associated with eigenvalue E; 

K PF (p h = Eip h . (3.1) 

Assumption 3.1 We say that V = W + U E S if and only if W E Ll oc (R d ), 
ini x W(x) > — oo and > U E L p (R. d ) for some p 



> d/2, d>2. 

Let W + U E <§ and set W = W+ - W-, where W± > is given by W+(x) = 
max{0,W(x)} and W.(x) = min{0, W{x)}. Since U E L p (R d ) C J^ ato) W- E 
L°° C X Kat o and W+ E L 1 1 oc (lR d ), we note that S C '. We set 

l^oo =infW(x). (3.2) 

A fundamental estimate to show the spatial exponential decay of bound states is 
the lemma below. 

Lemma 3.2 Let V = W + U E S. Suppose that E Cl(R d x ; L 2 (R d k )) . Then for 
arbitrary t, a > and each < a < 1/2, there exist constants D\, D 2 and D 3 such 
that 

IK(*)|b (Q) < D ie D ^e Et (£> se -f4 e -'W- + e -*W.W) \\<p h \U, (3.3) 
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where W a (x) = mi{W(y)\\x — y\ < a}. 

Proof: It is a slight modification of |Car78] . Since tp^ = e tE e~ tKpF ip\ ) , we have 



Hence for almost every x it follows that 

\\Mx)\\l HQ) < e tE W [e-ti v ^\\tp h (B t )\\ LHQ) 

By this we have 



tE 



(3.4) 



(3.5) 



\p b (x)\\ L * {Q) < e tE (W 



-4ftW(B.)d8 



1/4 



E' 



-4f*U(B s )ds 



1/4 



where we used the Schwartz inequality and 



m\MB t )\\h 



(Q)J 



-d/2-\y\ 2 /2t\ 



Wh(x + y)\\ 2 L 2 {Q) dy 
2 ^ tz )\\h(Q) dz < \\<f>b\ 



Let A = {uj G 3£\ sup 0<s<t |_B s (u;)| > a}. Then it follows from a martingale inequal- 
ity that 



POO 

E°[1 A ) < 2P°(\B t \ >a) = 2(2n)~ d ^S d ^ / e^^r^dx < & 
with some £ a for each < a < 1/2. Thus it follows that 



-aa 2 /t 



E' 



-4f*W(B 3 )ds 



E 



< e 



-4*1^00 7170 



E°[l A ]+e 



-itW a (x) 



< £ a e~ aa2/t e~ 4tWo ° + e~ UWa{x \ 



Next we estimate E x 



-4f*U(B s )ds 



. Since U is in Kato-class, there exist constants 



Di and D 2 such that E a 

1/4 



-4f*U(B s )ds 



< D^ ^^ by Lemmas I2TTT1 Setting 



D3 = £ Q , we obtain the lemma by the inequality (a + 6) 1//4 < a 1//4 + 6 1//4 for 



a, 6 > 0. 

For V = W + U 6 (f, we define 



E = liminf V(x). 

\x\— >oo 



QED 



(3.6) 
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Since U G L p (R d ), liminfi^oo U(x) = and hence 

S = liminf W(x). (3.7) 

\x\— >oo 

Moreover £ > Woo holds. 

Theorem 3.3 Suppose that V = W + U G S and ft G C£(M£; L 2 (Rf)). 

(Confining case 1) Suppose that W(x) > 7|x| 2n outside a compact set K for some 
n > and some 7 > 0. Let < a < 1/2. Then there exists a constant C\ 
such that 

IM*)||z» W) < Ciexp (-^k! n+1 ) IkblU, (3.8) 
w/iere c = inf^d^ (^)/M 2n - 

(Confining case 2) Suppose that\im.\ x \^ 00 W{x) = 00. T/ien i/iere exzsi constants 
C and 5 such that 

||^b(^)||L2(Q) < Cexp (S\x\) ||<^b||jr- (3.9) 

(Non-confining case) Suppose that > E and E > H^. Lei < j3 < 1. T/jen 
t/iere exists a constant C2 such that 

((3 (S — i?) \ 
"87iv^^ w J (3 ' 10) 

Proof: Since sup^, ll^bOzOlli^fQ) < °°; it is enough to show all the statements for 
sufficiently large 

(Confining case 1) Note that W\x\_(%) > c|x| 2n for x G M d \ K. Then we have 

2 

bounds for x G M. d \ K : 

\x\W M (x) 1/2 > c\x\ n+ \ (3.11) 

2 

|x|iy M (a;)- 1/2 < c^l 1 -". (3.12) 

2 

Inserting t = t(x) = Wj^i (x) _1 / 2 |x| and a = a(x) = ^ in (13.31) . we have 



I, < e -S«l»l n+1 J D ie (Aill^llp+^)°l*l 1 - B ^e^l 1 ""!^! +e -(i-^)^l" +1, j 



(3.13) 
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for x G R d \ K. Then 033]) follows. 

(Non-confining case) Rewrite formula (13. 3p as 

< D 1 e D ^ t {D ze ^A e -tiw x -E) + e -t { w a{x) -E)^ (3 14) 

Then altering both £ = liminf \ x \^oo{— W-(x)) and £ > Woo, it is possible to 
choose decomposition V = W + U G such that ||E/|| P < (S — E)/2, since 
hminf i-ri-^oo = 0. Inserting i = t(x) = e\x\ and a = a(x) = ^ in ( 13. 14ft , 
we have 



< 2? ie II^H(D 8e -*H e - 6 WW--«) + e " eWCWr ^ W S) 



< £>! f D3e -(^+^-^)-|^^))l-l +e - e ( (W ¥ (x) - £;) ^ (E " S) ) |a;| 



v/a/16 

Choosing e = =, the exponent on the first term above turns out to be 

VS - Woo 

^ + 6(Woo -E)- l e (E - S) = ^e(£ - £). 

Moreover we see that liminf i^^oo W^ (x) = S, and obtain 

ll^(x)|U 2(Q) <C 2 e-f( s -^l||^ b ||.^ 

for sufficiently large Then (I3.10p follows. 

(Confining case 2) Finally we prove confining case 2. In this case for arbitrary 
c > there exists N such that W\x\ (x) > c for all \x\ > N. Inserting t = t(x) = e\x\ 

2 

and a = a(x) — ^ in (I3.3p . we obtain that 

|M*)II < Aell^l P ^l^ 3 e-^l^-^l^- E ) + e " eNI( ^ (a:) " S) ) ||^ b |U 

< (Dge-dtjHI^-HCWoo-B))!*! + e -e\x\(c-E-\\U\\ p )j 

for |x| > N. Choosing sufficiently large c and sufficiently small e such that 

— -e\\U\\ p + e (W oo -E)>0, 
16e 

c-E-\\U\\ p >0, 
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we have ||<^b(^)|| < C'e for sufficiently large \x\. Then (13.91) follows. QED 
We give several remarks on Theorem 13.31 

(Independence of bose mass m) Suppose that u(k) = ^/\k\ 2 + rn 2 . Let ip^ 
be a normalized ground state of Kpp: \\fb\\ — L an d E m = 'mfa(Kpp). It is shown 
that there exist also constants C\ and such that 

IMaOIMo) < Cie-^W", n>l, 

by Theorem 13.31 Since the ground state energy E m is decreasing in m, we can take 
C\ and C*2 independent of m < M with some M. This fact is nontrivial and useful 
to show the existence of ground states of the Pauli-Fierz model with m — 0. This 
is used in e.g., [HidlOj . 

(Condition < E) When inf^. V(x) < E, it is possible to decompose V = 
W + U G S such that < E. In fact for arbitrary e > 0, there exists y G M d such 
that 

V(y) < inf V{x) + e. 

Suppose that inf x V(x) + e < E. Let G y C lR d be a neighborhood of ?/. Then define 
u (z) = j X ^ J" Let W = W + u and U = U - u. This yields that 

V = W + U G S and IVoo < inf* \/(x) + e < E. 
(Threshold) The threshold is defined by 

Eoo = lim inf {F,H PF F), 

R-^oo FeD R ,\\F\\=l 

where D R = {F G D(/f PF )|F(x) = 0, \x\ < R}. We note that Eoo > E, and 
E = Eqo = oo in confining cases. 

The bound given in [GriOlj is ||e +c '''l(_ 00i A](-ffpF)||.if < oo, where C 2 + A < Eqo. 
From this the bound 

r dx\\e + ^^ h (x)\\l 2(Q) <C'y h \U (3-15) 



follows, where 



5 < a/E™ - E. 
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Theorem I3.3[ however, gives pointwise bounds: 

\\cp h (x)\\ L 2 {Q) < dexp (-C 2 \xf) ||^ b |U, $ > 1. (3.16) 

In particular the superexponential decay, ||y?b(x)|| < Cie~ C2 ^ n+ ||<^b||jfj is shown 
for the case of polynomially increasing potentials (confining case 1), while in non- 
confining cases, we show that in f 1 3 . X 6 [) . /3 = 1 and 

C 2 < , - . (3.17) 

8V2VE - 

We give examples of external potentials. 
Example 3.4 (Confining potentials) Let V = V + — VL be such that V + E 
Lf oc (R d ) and VL E L p (R d ), where P { > j > 3 In this CaSe ^ G ^' 

Example 3.5 (Coulomb potentials) Suppose Assumption 12.11 Then 

Hpf = K PF . 

Let V = —aZ/\x\ be the Coulomb potential. Then mia{H v ) = —aZ/2. We have 
(0 <g> l,Hp F (j) ® l)^r = (0, (# P + Kff)0)L2( K rf) for G £>(|p 2 ), where 



j=i ^,i/=i 

Let Voo = sup x I Yfpi E^=i (pj 0) , Pi (x)) L 2 {Rd) |. Thus 

inftr^pp)^—^-^). 

When Z > V^, infcx(ifpF) < liva\ x \^. 00 V(x) = follows for all values of coupling 
constant a. Then ground states of Hpp decay as C\e~ c ^ pointwise for all values 
of coupling constants. 

4 Appendix 

In this appendix we show the unitary equivalence between Hpp and the Pauli-Fierz 
Hamiltonian defined on 

L 2 (R d ) <g) 
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where & = 0^° =o ®? (® d - 1 L 2 (R d )) is the Boson Fock space over (B d ^ 1 L 2 (R d ). Let 
Q = {1,0,0, ■••} G & be the Fock vacuum. The annihilation operator and the 
creation operator in & are denoted by a*(f) and a(f), respectively, where / = 
(/i, fd~i) G © d ~ 1 L 2 (IR d ). They satisfy canonical commutation relations: 

d-l 

Hf),a*(g)} = ^2(fj,9j)L2(R*), 
[a*(f),a*(g)]=0 = [a(f),a(g)]. 

The field operator in J 7 is given by 

A(0) = i=(a*(0) + a(J)), 

where 0(/c) = 4>(—k). The quantized radiation field is defined by = f® d A fl (x)dx 
under the identification L 2 (R d ) <g> J 7 = L 2 {R d ; J 7 ) and = A(p M (x)), where a 

cutoff function is given by p M (x) = p^ik.x) = (BjZl^(k)^/(k, x)j ^uj(k). Finally 
the free field Hamiltonian is defined by 

oo k 

dT(u) = 0^ 1J$___^__JU . (4.1) 

k=0 i=l k 

Then the Pauli-Fierz Hamiltonian in L 2 (IR d ) <8> J 7 is given by 

#pf = -zip ® 1 + v 7 ^^) 2 + ^ <g> 1 + 1 ® dT(u). (4.2) 

Suppose that V is relatively bounded with respect to \ , p 2 with a relative bound 
strictly smaller than one, and that G C^(Rf; L 2 (M^)) and 

pJ/VtJ, <9^, ^„pJ/VtJ G L°°(R^; L 2 (Mf)). (4.3) 

See Assumption O Then H PF is self-adjoint on D(p 2 <g> 1) n D(l <g> dT(u>)). Now let 
us see the relationship between L 2 (Q) and J 7 . Let ^ : & — > L 2 {Q) be defined by 



Wtt = 1, 

% : A{ix) ■ ■ ■ A(4> n ) : fi =: ^(00 • • • ^(0 n ) :, 
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where the Wick product on the left hand side is defined by moving all the creation 
operators to the left and annihilation operators to the right without any commuta- 
tion relations. While the Wick product of the left hand side is defined recursively 
by 

: srf{<j)) := £/(<(>) 

and 

n n 1 n 

: .c/(o) n^'^,) : -'Ao) : U^j) : ^ £(/*,/) : Jl^fa) : • 

3=1 j=l k=l j^k 

The unitary operator can be extended to the unitary operator from J 7 to L 2 (Q), 
and it also implements 

fydT(uj)ty- 1 = H { (m). 

Then under flOJ it follows that (1 <g> < 2Sf) maps £>(|p 2 ® 1) n D(l <8> dT(a;)) to 
£>(|p 2 ® 1) n D(l g) iff(m)) and 

(1 ® ^)# PF (1 (8) ^) = flp P . (4.4) 
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